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Stable, center, and unstable spaces for a linear system

A ∈ Mn(C)

generalized eigenspace:

Vλ = {v ∈ Cn : (A− λI)kv = 0 for some k > 0}

Jordan form: choose appropriate bases Bλ for each Vλ and the
basis B for Cn.

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu



Stable, center, and unstable spaces for a linear system

A ∈ Mn(C)

generalized eigenspace:

Vλ = {v ∈ Cn : (A− λI)kv = 0 for some k > 0}

Jordan form: choose appropriate bases Bλ for each Vλ and the
basis B for Cn.

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu



Stable, center, and unstable spaces for a linear system

A ∈ Mn(C)

generalized eigenspace:

Vλ = {v ∈ Cn : (A− λI)kv = 0 for some k > 0}

Jordan form: choose appropriate bases Bλ for each Vλ and the
basis B for Cn.

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu



Stable, center, and unstable spaces for a linear system

A ∈ Mn(C)

generalized eigenspace:

Vλ = {v ∈ Cn : (A− λI)kv = 0 for some k > 0}

Jordan form: choose appropriate bases Bλ for each Vλ and the
basis B for Cn.

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu



Stable, center, and unstable spaces for a linear system

A ∈ Mn(C)

generalized eigenspace:

Vλ = {v ∈ Cn : (A− λI)kv = 0 for some k > 0}

Jordan form: choose appropriate bases Bλ for each Vλ and the
basis B for Cn.

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu



Stable, center, and unstable spaces for a linear system

stable, center, and unstable subspaces for A:

E s = Span ∪λ:Re(λ)<0 Bλ

E c = Span ∪λ:Re(λ)=0 Bλ

Eu = Span ∪λ:Re(λ)>0 Bλ.

Cn = E s ⊕ E c ⊕ Eu

Proposition. Each generalized eigenspace, the stable, center, and
unstable spaces are invariant under A and under eAt for all t ∈ R.
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Linear systems in R3

I. u, v ,w ∈ R:

J =

 u 0 0
0 v 0
0 0 w

 x(t) = eJtx0 =

 eut 0 0
0 evt 0
0 0 ewt

 x0.

II. u, v ∈ R:

J =

 u 1 0
0 u 0
0 0 v

 x(t) = eJtx0 =

 eut teut 0
0 eut 0
0 0 evt

 x0.

III. u ∈ R:

J =

 u 1 0
0 u 1
0 0 u

 x(t) = eJtx0 =

 eut teut t2

2 eut

0 eut teut

0 0 eut

 x0.

IV. a, b, u ∈ R and b 6= 0:

J =

 a −b 0
b a 0
0 0 u

 x(t) = eJtx0 =

 eat cos(bt) −eat sin(bt) 0
eat sin(bt) eat cos(bt) 0

0 0 eut

 x0.
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Non-homogeneous

Proposition. Let A ∈ Mn(F ) and consider the system

x ′(t) = Ax(t) + b(t)

where t 7→ b(t) ∈ F n is continuous.

The solution with initial
condition x0 is

x(t) = eAtx0 + eAt
∫ t

s=0
e−Asb(s) ds.

The solution is unique.
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