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QFR™ differential k-forms on R”
@ alternating tensors
@ on the base set of symbols dxy, ..., dx,

@ with R-valued functions as coefficients
Examples
2-formon R3: x2dx Ady — ydy Adz
1formon R*: dx + e' dy + (3x% — y)dz — dt
0-form on R?: x2 + xy

Q°R" = R-valued functions on R"
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The algebra of k-forms

1
(multiplication)

Let Q°R" = @4-oQKR" denote finite linear combinations of
k-forms with k varying.

Example
An element of Q°*R*:

3x + (y + 4t)dx A dz + 'dx A dy A dz A dt.
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The algebra of k-forms

Ring structure

If w € Q¥R™and € Q‘R", define their product to be
w A1 e QKHRN,

Express the following in standard (alphabetical) form:

Q@ (tds+sd)A(sds+td)=7  (25") JAdt

3x drA M+

e (3X+ydx/\dy—}—Zd_V/\dZ)/\(dZ/\dt):? yc\z/\}‘y/\lq/h’u

—4 =1
Q (2ydx+3zady)A(—4dx+ zdy) (2ya Hm)Ax/u/
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The exterior derivative
The exterior derivative is the function
d: QFR" — QKRN

defined as follows.
@ For k=0, let f € Q°R", i.e., a function on R". Then

n.of
of => T (X) 9%
=1 !

@ For k > 0, define

d(fax, A~ Adx,) = df Adx, A--- A dx,.
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Examples

Q@ dix2+y)=1  Txdxr dy
Q d(xydx)="7? ()lo\x “ ,(6\2,> AMx = - % lxlio(/
Q d(xydx A dy)=? Aup AdxAdy = Ly dev sy ) A Dy 2

M\ Akt
2 -7 JL(S-t‘Q)AI(S € 4 (st)AK
Q d((s+ t)ds+ (st°) dt) =7 ety A u+u\/U;b

@ d(cos(uv)) - ands + PaAM T () ks Adt
T VSialw)dw = wsia () dv
J J«( ’(("1"}')) = (l(’l.d\xvo\)/) 5 d Gy ¥ ALL\AI/
T olA N T d/\l)/ oW
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Integration of n-forms on R”

For D c R" and w € Q"R”, we must have

w=fdxy N Ndxy, f:R" = R.

/fdx1/\---/\dxn=/f.
D D

Note: Order (orientation) is important:

Definition:

faxy Ao Ndxp# fdxo Adxy Adxg A A dXp.



