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Alternating tensors

Mod out k-tensors on R” by the further relation:
Vi @@ V=0 ifv,=v;forsomei+#j.
The equivalence class of vy @ v» - - - @ v is denoted
Vi AV A A V.
This defines AKR”, the space of alternating k-tensors on R".

Example:

3e1 A (4ey +2ep) =7

= 1legAe, + be Ae, = Ge Ae,



Alternating tensor is alternating

Proposition

VIA- AViA- AViA- AV =
VAN AVA S AVEA A V.

fori # J.

For example,

O=uAn(v+w)ApA(Vv+w)=7
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Forvy,...,vh € R,

ViA- AVn=[2]e A+ Aen
o Ad oo\
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For (a,b),(c,d) € R?,

Point:

(vi,...,v,) —|blah|ej A+ Aep.
is a multilinear, alternating function taking the value 1 when

v; = e; for all i. Therefore, the box must be filled in by
deT(V1 P Vn).




Compelling examples

Let (a, b, c),(d, e, ) € R3. Write the following in terms of the
standard basis vectors e;:

s (a,b,c)A(d,e f)=7

For vq....,vy_1 € R". Again, write the following in terms of the

ViAo A Voot
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A new twist

We've defined k-tensors on R”, e.g.
(391 + 292) ® (292 — 593) = 6eg®@ex— 1561 @ ez —10ex @ e;.
Now, instead of using R for scalars, use functions f: R” — R:

T=((8x* +y)es + €)@ (zer+ xye3) = ?
BN TN

/ 7(1,2,3) =7 * oy Ve 08y
10

\0
= (0e, ®¢ * 16 ¢,@e; + 3e g@tga-?-e e, 8<%,



Differential forms

Consider the set of symbols

Form the free vector space (module, really, but never mind),
mod out by stuff to get the k-tensors on these symbols (with
R-valued functions as scalars), mod out again to get alternating
tensors on these symbols. The result is the space:

QFR" = differential k-forms on R”.
A 2-formon R3: w = e dx Ady — (x2 —2y)dy A dz.
w(0,1,1) =2

= O‘x/\d\)/ + 2 él)//\alz



