Math 201 lecture for Wednesday, Week 8

Permutation expansion of the determinant

Definition. A permutation of a set X is a bijective mapping of X to itself. If ¢ and 7 are
permutations of X, then so is their composition o o 7. The collection of all permutations of X along
with the binary operation o given by composition of functions is called the symmetric group on X.
For each nonnegative integer n, let [n] := {1,...,n}. The symmetric group on [n] is called the
symmetric group of degree n and denoted by &,,.

Example. Here are six elements of Gg:

1—1 1><1 1 1
22— 2 2 2 2 2

3——3 3——3 3 3
1——1 1 1 1 1
2 >< 2 2 2 2 2
3 3 3 3 3 3
Note. Define the factorial of a natural number as follows: 0! = 1, and for each integer n > 0,

recursively define n! = n(n — 1)!. Thus, 1!=1,2!=2.1,3!=3-2-1=6,4=4-3-2-1 =24, etc.
Then the number of elements of &,, = n! since we can uniquely determine every permutation o by
first choosing one of n values for (1), then any of the remaining values n — 1 for ¢(2), then one of
the remaining n — 2 values of o(3), etc.

Definition. Let 0 € &,. The permutation matriz corresponding to o is the n X n matrix P,
whose i-th row is e, (;). Another way of saying this is that, P, is obtained by permuting the columns
of the identity matrix, I,,, according to o: put e; in column o(j).

Example. Let 0 € &3 be defined by o(1) =2, 6(2) =3, and ¢(3) = 1. Then

P, =

_— o O
O O =
o = O

Exercise. Let 0,7 € G,, and let A be an n x n matrix.

(a) If the rows of A are (r1,...,7,), then the i-th row of P, Ais r,(;). In other words, the multiplying
on the left by P, permutes the rows of A in the same way that the rows of I, are permuted to
form P,. We leave it as an exercise to the reader to investigate the effect of multiplying A on
the right by P.

(b) Pses(i) = €i, and Py Pr = Proy. (Note that the order of o and 7 have switched.)



Rook placements. Permutation matrices are exactly those that have a single 1 in each row and
in each column. Thus, if the 1s in a permutation matrix were replaced by rooks in the game of
chess, then no rook would be attacking another. We sometimes call a permutation matrix a rook
placement.

Definition. The sign of 0 € G,, is
sign(o) = det(P,) = £1.
A permutation is even if its sign is 1 and odd if its sign is —1.

Every permutation matrix P, may be obtained from I,, through a sequence of transpositions of
columns, i.e., a sequence in which each step consists of swapping two columns. In the example
above, P, is formed by permuting columns 1, 2, and 3 of I3 as follows:

1 1
2 2
3 3

This permutation could have been obtained from two transpositions:

1%1><1
2><2 2
3 3——3

Thus, every permutation matrix can be obtained as the product of permutation matrices corre-
sponding to transpositions. Swapping two columns in a matrix changes the sign of the determinant.
Therefore, even though a permutation ¢ may be realized in different ways as sequences of transposi-
tions, the parity (evenness or oddness) of the number of transpositions required is well-defined: the
number is even if det(P,) = 1 and odd if det(P,) = —1.

Theorem. Let A be an n X n matrix. Then

det(A) = Z Sign(U)AIU(l)A2o’(2) T Ano’(n)~

ceS,
Example. Consider the case n = 3. Then

ailr a2 ai3
A= a1 az a3
asy asz2 ass

Each term A4 (1)A25(2) *** Ano(n) in the formula in the theorem should be thought of as the prod-
uct of the entries corresponding to a rook placement. The permutations, rook placements, and
corresponding summands appear in Figure 1.1

1Note that the sign of the permutation is also equal to (—=1)¢ where c is the number of times two arrows cross in
the diagram for the permutation in the left-most column.



1—1
aipr a2 aiz

2—2 a1 @2 a3 (11022033
a31 a32 a3s3

33— 3

1 1
aix @iz ais

2 2 a1 Q22 G23 a12a23a31
as1 Gz a

3 3 31 a3 33

1 1
aiy Gz 013

2 2 az1  az2 a3 (13021032
asy Gss a

3 3 3 32 (33

1 1
>< ai1 a2 a3
2 2 21 G22 a93 —Q12021033

azi1 azz ass

33— 3

1 1
a1l a2 a13

2 2 a21 A2z 23 —Q13022031
a a a

3 3 31 (32 33

1——1

aipr a2 ai3

2 >< 2 a1 G2 23 —@11023032
as1 a a

3 3 3 32 a33 .

Figure 1: Computing the determinant of the 3 x 3 matrix A = (a;;) via rook placements. The
determinant is the sum of the terms in the right-most column.



Proof of permutation formula for the determinant. We want to compute
det(Arrer + Aizea + -+ Appen, ... Apier + Apgea + -+ Appen).

Each of the n components in the above expression consists of n summands where each of the
summands has the form a;;e;. Using the multilinear properties of the determinant, when we expand
the above express, we get n! terms, each of the form

Avjy Agjy -+ Ay, det(ery, €255 - - -5 €nj, )-

If any pair of these ey;, is the same, this term will evaluate to 0. Thus, for the nonzero terms,
€115 €25, - - - €nj, Must be some permutation of ey, ..., e,. We then have

det(e1j,, €255, -, €nj,) = £1,
depending on the sign of the permutation o defined by
o(1) =j1, 0(2) =j2, ... , o(n) = jn,
and we can write

A1j1 A2j2 s A".?‘n det(eljl y €255 - -+ ,enjn) = sign(a)Alg(l)Aga@) cee Ano(n)~

See the next pages for all of the details of the above proof in the case n = 3.



Let’s look at the proof again in the case n = 3. The i-th row vector of A is
Ty = aj1e1 + a2e2 + aizes.
To compute the determinant of A we start by expanding using multilinearity:

det(A) = det(ry,ro,73)
= det(aiie1 + aizes + a13e3, az1e1 + azzes + asses, aszier + aszes + asses)

= det(ajie1,a21€1 + axes + agses, azier + azzes + asses)
+ det(aizez, az1e1 + aszes + agses, asier + agzes + asses)

+ det(aizes, azier + azzes + azses, asier + agaea + aszes)

= det(ai1€1, az1€1,as1e1 + agzea + aszes)
+ det(ai1e1, ases, agrer + aszes + azses)

+ det(ai1e1, azses, asier + aszes + asses)

+ det(aize2, asie1, agrer + aszes + azses)
+ det(ai2e2, agoes, asier + agzes + asses)

+ det(ai2e2, azses, agier + agzes + asses)

+ det(ai3es, ag1e1, asier + azzes + asses)
+ det(ai3es3, agoea, agier + agaes + asses)

+ det(ai3es, aszes, agier + azzen + azzes)

There is one more step to go in the complete expansion, at which point, we’ll have 27 terms. For
completeness, I'll list these all on the next page.



= det(ajie1,az1€1,a31€1)
+ det(a1e1,az1e1, aszes)

+ det(ai1er, agie1, aszes)

+det(ay1e1, azzer, azier)
+ det(ay1e1, azzez, aszes)

+ det(ay1e1, azzer, aszes)

+ det(ai1e1, aszes, agier)
+ det(ai1e1, agses, aszez)

+ det(ai1e1, azszes, asses)

+det(aizes, asie1, azier)
+ det(ai2e2, az1e1, aszes)

+ det(aizez, agie1, aszes)

+ det(ay2e2, azzes, azier)
+ det(ai2e2, ases, agzea)

+ det(aizez, agzez, aszes)

+ det(aize2, aszes, agier)
+ det(aizez, agses, aszez)

+ det(a12e2, aszes, asses)

+ det(aizes, asie1, azier)
+ det(aizes, agie1, aszez)

+ det(aizes, agie1, aszes)

+ det(ay3e3, azzea, azier)
+ det(ay3e3, azzez, azzes)

+ det(ayzes, asoes, asses)

+ det(aises, aszes, agier)
+ det(aies, agses, aszez)

+ det(ay3e3, azses, aszes)



Use linearity to pull out the constants:

= anazia3; det(er,er,er)
+ ar1az1a32 det(eq, eq, e2)

+ arraz1ass det(er, er, e3)

+ ar1az2a3;1 det(er, ez, €q)
+ ai1az2a32 det(eq, ez, e2)

+ ayrazasz det(eq, ez, e3)

+ ai1az3a31 det(eq, es,eq)
+ ar1az3as32 det(eq, es,e2)

+ aiiaz3ass det(er, es, e3)

+ aj2az1a3; det(ez, e, eq)
+ ai2a21a32 det(ez, e1,€2)

+ a12a21a33 det(ez, e1,€3)

+ a12a22a31 det(ez, ez,€1)
+ aiza22a32 det(es, e2,€2)

+ a12a2a33 det(ez, ez, €3)

+ ai2a93a31 det(ez, e3,€1)
+ a12a23a32 det(eg, e3,€2)

+ aiza23a33 det(ez, e3,€3)

+ aizasiazr det(es, eq,er)
+ ai3az1a32 det(es, eq,e2)

+ a13as3az; det(es, e1, e3)

+ a13a22a31 det(es, ez, €1)
+ aizagzase det(es, ez, e2)

+ a13az2a33 det(es, ez, €3)

+ aizag3aszr det(es, es, eq)
+ a13a23a32 det(es, es, e2)

+ ay3azzaszz det(es, es, e3)



Now we use the alternating property of the determinant. If any row is repeated, the determinant
is 0. Getting rid of those terms leaves:

det(A) = ajrasqeass det(eq, ea, e3)
+ airagzazz det(e, es, e2)
+ a12a91a33 det(ez, e1, €3)
+ a1zaz3a31 det(ez, e3,e1)
+ ajzasiass det(es, e, e2)
+ ayzagasz; det(es, e, eq).
Next notice that each determinant appearing above is the determinant of a permutation matrix. For

instance, the term
a12a23a31 det(ea, es,e1)

contains det(ez, es, e1), which is the determinant of the permutation matrix for the permutation o (1) =
2, 0(2) =3, and o(3) = 1. We have
aipazzaz; det(ez, e3,€1) = a1,(1)020(2)U30(3) det(Ps)

ala(l)aza(z)a3a(3)51gn(0)-

In this way, the six terms in the sum can be expressed as follows:

det(A) = Z det(Py)a15(1)a24(2)030(3)
[ ASIGE

Z Sign(Po)ala(l)a2a(2)a30(3)~
ceG3



