
Math 201 Lecture for Monday, Week 1

Solving systems of linear equations

First goal: solve systems of linear equations using Gaussian elimination.

Note: In all of the examples today, we will work over the real numbers.

Example 1. Solve the following system of two linear equations:

3x + 2y = 5

2x− y = 1.

solution: We find a solution by eliminating variables. To get rid of y, multiply the
second equation through by 2 (which does not change the set of solutions), and add
the equations:

3x + 2y = 5
4x− 2y = 2
7x = 7

⇒ x = 1.

Now substitute x = 1 back into either of the equations, and solve for y:

x = 1 and 3x + 2y = 5 ⇒ y = 1.

So there is a unique solution: x = y = 1. �

Here is the geometric picture:

3x + 2y = 5

2x− y = 1

solution: (1, 1)

Remark. Note that the line given by 3x+2y = 5 is perpendicular to the vector (3, 2)
and the line given by 2x−y = 1 is perpendicular to (2,−1). Do you see the relationship
between these vectors and the coefficients of the equations? We will get back to this
latter in the course.
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Example 2. System:
−9x− 3y = 6

3x + y = −2.

Since the first equation is a scalar multiple of the second, they have the same solution
set. In this case, the solution set is infinite:

{(x, y) : y = −3x− 2} .

Geometry:

3x + y = −2

(or −9x− 3y = 6)

Example 3. System:
−9x− 3y = 6

3x + y = −1.

Dividing through by −3, we see that the set of solutions to the first equation is the
same as the set of solutions to the equation

3x + y = −2.

It is clear, though, that if (x, y) satisfies 3x + y = −2, it cannot also satisfy the
second equation in the system, 3x + y = 1. So the two equations in the system are
incompatible, and the solution set is empty.

The lines defined by the two equations are parallel:
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3x + y = −2
3x + y = −1

Example 4. System:
x + 2y + z = 0

x + z = 4

x + y + 2z = 1.

We will use this example to illustrate the general method (called Gaussian elimina-
tion.

General idea: replace the set of equations with an equivalent set of equations (i.e.,
having the same solutions set) but from which the set of solutions is evident. We find
equivalent sets of equations by using the following:

Row operations.

1. multiply an equation by a nonzero scalar

2. swap two equations

3. add a multiple of one equation to another.

The reader should stop now and convince themselves that the solution set is invariant
under these operations.

The good news is that these operations are all we need to solve any system of linear
equations. We will illustrate with the system of three equations displayed above. We
first introduce a convenient way of notating our system:

x + 2y + z = 0

x + z = 4

x + y + 2z = 1.

 

 1 2 1 0
1 0 1 4
1 1 2 1

 .

The matrix on the right is called the augmented matrix for our system of linear
equations. At any point in the following string of calculations, one could convert
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back from an augmented matrix to its corresponding system of linear equations, and
that system would be equivalent to our orignal system.

In the following calculation, ri denotes the i-th row of the augmented matrix, and we
introducing some notation for describing the row operations leading from one matrix
to the next.

 1 2 1 0
1 0 1 4
1 1 2 1

 r2→r2−r1−−−−−−→
r3→r3−r1

 1 2 1 0
0 −2 0 4
0 −1 1 1

 r2→−
1
2
r2

−−−−−→

 1 2 1 0
0 1 0 −2
0 −1 1 1

 r3→r3+r2−−−−−−→

 1 2 1 0
0 1 0 −2
0 0 1 −1

 r1→−2r2+r1−−−−−−−→

 1 0 1 4
0 1 0 −2
0 0 1 −1

 r1→−r3+r1−−−−−−−→

 1 0 0 5
0 1 0 −2
0 0 1 −1

 .

The last augmented matrix is in reduced echelon form. We will define this term
carefully later. Translate the lasted augmented matrix back into a system of equations
to get a system that is equivalent to the original system, but from which the set of
solutions is evident:

x = 5

y = −2

z = −1.

So there is a unique solution in this case. Now for the most important step: check
your solution works for the original system:

5 + 2(−2) + (−1) = 0

5 + (−1) = 4

5 + (−2) + 2(−1) = 1.

That works. (We will suppress checking solutions throughout the result of this lecture,
but in practice, you should always check your solutions.)

Example 5. The following system is a slight modification of the previous one:

x + 2y + z = 0

x + z = 4

x + y + z = 1.
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Converting to the corresponding augmented matrix and performing a sequence of row
operations similar to those in the previous example gives 1 2 1 0

1 0 1 4
1 1 1 1

  

 1 0 1 4
0 1 0 −2
0 0 0 −1

 .

Converting back to equations gives the equivalent system:

x + z = 4

y = −2

0 = −1

which clearly has no solutions. Thus, our original system has no solutions.

Example 6. System:
x + 2y + z = 0

x + z = 4

x + y + z = 2.

Converting to the corresponding augmented matrix and performing a sequence of row
operations similar to those in the previous example gives 1 2 1 0

1 0 1 4
1 1 1 2

  

 1 0 1 4
0 1 0 −2
0 0 0 0

 .

Equivalent system:

x + z = 4

y = −2

0 = 0

We now get an infinite set of solutions:

{(x, y, z) : x + z = 4 and y = −2} = {(x,−2, 4− x) : x ∈ R} .

This is a line in 3-space.
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Figure 1: The line {(x,−2, 4− x) : x ∈ R}.
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