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Review: eigenvectors and eigenvalues

Definition. Let f: V — V be a linear transformation of a vector
space V over F. A nonzero vector v € V is an eigenvector for f
with eigenvalue A € F if

f(v) = Av.

A nonzero vector v € F" is an eigenvector for A € My, n(F) with

eigenvalue A € F if
Av = Av.
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Diagonalizability

Definition. Let V be an n-dimensional vector space. A linear
mapping f: V — V is diagonalizable if there exists an ordered
basis v of V such that [f]% = diag(A1, ..., A\n).

A matrix A € My,n(F) is diagonalizable if its corresponding linear
mapping f4 is diagonalizable.

Proposition. A linear mapping f: V — V is diagonalizable if and
only if V has a basis consisting solely of eigenvectors for f.
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Characteristic polynomial

Review of how to find eigenvalues:

Av=Xv & (A=M)v=0 < veker(A—Al).

ker(A=Alp) # {0} & rank(A-Ap) <n <  det(A-Al) =0.
Definition. The characteristic polynomial of A is
pa(x) := det(A — xl,).

Definition. Let A\ be an eigenvalue of the n x n matrix A over F.
Then the eigenspace for )\ is

Eyx:=E(A)y:={veF":Av=Av} =ker(A— A,v).
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Algorithm for diagonalization

» Find the zeros of the characteristic polynomial pa(x).
» For each eigenvalue )\, compute a basis for ker(A — Aly).
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Algorithm for diagonalization

» Find the zeros of the characteristic polynomial pa(x).
» For each eigenvalue X\, compute a basis for the eigenspace Ej.

> If this process results in finding n eigenvectors, vy, ..., vy,
then A is diagonalizable. Let P be the matrix with
columns vy, ..., v,. Then

P7rAP = diag(\1, ..., An)

where Av; = A;.



Examples

We will try two examples:
2 -7 3

A=| 0 -5 3 and B
0 0 2

Only A is diagonalizable.
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2 -7 3
A= 0 -5 3
0 0 2

2 -7 3 1
pa(t) = det 0 53 |[—-x]0
0 0 2 0

= det 0 -5b—x



First example

2 -7 3
A= 0 -5 3
0 0 2

2 —x -7 3
= det 0 -5b—x 3
0 0 2—x



First example

pa(x) = —(x —2)*(x +5) =0.
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pa(x) = —(x —2)*(x +5) =0.

Eigenvalues: 2 (with multiplicity 2) and —5 (with multiplicity 1).



First example

pA(X) = —(x — 22(x +5) = 0.
Eigenvalues: 2 (with multiplicity 2) and —5 (with multiplicity 1).

Find bases for the eigenspaces E; = ker(A — 2/3) and
E_5 = ker(A+5h).
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ker(A —25) = {(X, %z,z) 1X,z € R} .



E2 = ker(A — 2/3)

2 -7 3 2 00
A-2b=|0 -5 3 |-[020
0 0 2 00 2
0 -7 3 01 -3/7
o -73|—]00 o0
0 00 00 O

ker(A —25) = {(X, %z,z) 1X,z € R} .

Basis: {(1,0,0),(0,3/7,1)} or, easier, {(1,0,0),(0,3,7)}.



E 5 = ker(A+51)
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E 5 = ker(A+51)
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ker(A+58L) ={(y,y,0) : y € R}.



E 5 = ker(A+51)
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ker(A+58L) ={(y,y,0) : y € R}.

Basis: {(1,1,0)}.



First example

Bases:
E»:  {(1,0,0),(0,3,7)}

E_s: {(1,1,0)}



First example

Bases:

E»:  {(1,0,0),(0,3,7)}

E—5: {(17170)}
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First example

Bases:
E»:  {(1,0,0),(0,3,7)}

E_s: {(1,1,0)}

P =

O O =
~N w O
O~

P~1AP = diag(2,2, —5)
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Characteristic polynomial:

2—x 1 3
det (B — xI3) = det 0 —5-—x 3 | = —(x—2)*(x+5).
0 0 2—x



Second example

2 1 3
B=|0 -5 3
0 0 2
Characteristic polynomial:
2—x 1 3
det (B — xh3) = det 0 —5-x 3 | = —(x—2)*(x+5).
0 0 2—x

Eigenvalues: 2 (multiplicity 2) and —5 (multiplicity 1)



h)
ker(B—23

E, =
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ker(B—23

E, =

is: {(1,0,0)}
Basis:



E2 = ker(B — 2/3)

2 13 2 00
B-2h=(0 -5 3 -1 0 20
0 0 2 0 0 2

0 1 3 010

=10 -7 3| —1]1001

0 00 0 00

Basis: {(1,0,0)} (important: the dimension is 1 this time, not
2).



E 5 = ker(B + 5k)
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E 5 = ker(B + 5k)
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Basis: {(—7,1,0)}.



Second example

Bases:
Ex: {(1,0,0)}

E_5: {(_77170)}



Second example

Bases:
Ex: {(1,0,0)}

E_5: {(_77170)}

B is not diagonalizable since dim Ex(B) + dim E_5(B) < 3.
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Diagonalizability

Two obstacles diagonalizability of A € My, ,(F):

1. Sum of dimensions of eigenspaces is not n.

2. The base field does not contain all of the zeros of pa(x).

We just saw an example illustrating obstacle 1. Next, we will see
an example illustrating obstacle 2.
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Ground field not large enough

()

Characteristic polynomial:

pA(x) :det< _)1< :)1( > =x%+1.



Ground field not large enough

()

1 X ’

Problem: if F =R, then A has no eigenvalues.



Ground field not large enough

()

1 X ’

Problem: if F =R, then A has no eigenvalues.

Fix: work over C.



