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Review: eigenvectors and eigenvalues

Definition. Let f : V → V be a linear transformation of a vector
space V over F .

A nonzero vector v ∈ V is an eigenvector for f
with eigenvalue λ ∈ F if

f (v) = λv .

A nonzero vector v ∈ F n is an eigenvector for A ∈ Mn×n(F ) with
eigenvalue λ ∈ F if

Av = λv .
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Diagonalizability

Definition. Let V be an n-dimensional vector space. A linear
mapping f : V → V is diagonalizable if there exists an ordered
basis α of V such that [f ]αα = diag(λ1, . . . , λn).

A matrix A ∈ Mn×n(F ) is diagonalizable if its corresponding linear
mapping fA is diagonalizable.

Proposition. A linear mapping f : V → V is diagonalizable if and
only if V has a basis consisting solely of eigenvectors for f .
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Characteristic polynomial

Review of how to find eigenvalues:

Av = λv ⇔ (A− λIn)v = 0 ⇔ v ∈ ker(A− λIn).

ker(A−λIn) 6= {0} ⇔ rank(A−λIn) < n ⇔ det(A−λIn) = 0.

Definition. The characteristic polynomial of A is

pA(x) := det(A− xIn).

Definition. Let λ be an eigenvalue of the n × n matrix A over F .
Then the eigenspace for λ is

Eλ := E (A)λ := {v ∈ F n : Av = λv} = ker(A− λInv).
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Algorithm for diagonalization

I Find the eigenvalues by solving det(A− λIn) = 0 for λ.

I For each eigenvalue λ, compute a basis for ker(A− λIn).
I If this process results in finding n eigenvectors, v1, . . . , vn,

then A is diagonalizable. Let P be the matrix with
columns v1, . . . , vn. Then

P−1AP = diag(λ1, . . . , λn)

where Avi = λi .
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Examples

We will try two examples:

A =

 2 −7 3
0 −5 3
0 0 2

 and B =

 2 1 3
0 −5 3
0 0 2

 .

Only A is diagonalizable.
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Two obstacles diagonalizability of A ∈ Mn×n(F ):

1. Sum of dimensions of eigenspaces is not n.
2. The base field does not contain all of the zeros of pA(x).

We just saw an example illustrating obstacle 1. Next, we will see
an example illustrating obstacle 2.
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Problem: if F = R, then A has no eigenvalues.

Fix: work over C.
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