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bases o = (1, x, x2) for R[x]<2 and 3 = (1, x,x%, x3).
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Review + some nice notation

f: R[X]Sz — R[X]§3
p s xp+2p

Find the matrix representing f with respect to the ordered
bases o = (1, x, x2) for R[x]<2 and 8 = (1, x,x2,x3). Compute:

f(1)=x, f(x)=x>42, f(x?)=x>+4x.

The matrix is then

O = ON
= O &~ O
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Change of basis

a = (vi,...,Vv,) ordered basis for V

coordinate mapping:

Pa: V 5 FT

v=avi+- -+ anvp+— (a1,...,an).

If V= F" then ¢,: F" — F" and v; € F" for all j.

Note: In any case, ¢q(vj) = €.
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Matrix representing coordinate mapping

a = (vi,...,Vv,) ordered basis for F"
coordinate mapping: ¢,: F" — F"
Matrix representing ¢q:

¢o: F" 5 Fr

v — My

J-th column of M is ¢ (e;j), and ¢o(v) = Mv for all v € F".
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Go: F"— F" and  ¢o(v) = My
J-th column of M is ¢ (ej) for j=1,...,n.

Claim: Let P be the matrix whose columns are vq,...,v,, in
order. Then M = P~1. (Why does P have an inverse?)
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Pe=v; = P lPg=P 'y, = =Py

Thus, P71(vj) = € = ¢a(v;) for all v in the basis a.



Matrix representing coordinate mapping

Go: F"— F" and  ¢o(v) = My
J-th column of M is ¢ (ej) for j=1,...,n.

Claim: Let P be the matrix whose columns are vq,...,v,, in
order. Then M = P~1. (Why does P have an inverse?)

Proof. For each j =1,...,n, we have
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Matrix representing coordinate mapping

Go: F"— F" and  ¢o(v) = My
J-th column of M is ¢ (ej) for j=1,...,n.

Claim: Let P be the matrix whose columns are vq,...,v,, in
order. Then M = P~1. (Why does P have an inverse?)

Proof. For each j =1,...,n, we have
Pe=v; = P lPg=P 'y, = =Py

Thus, P71(v;) = ¢ = ¢a(v;) for all v in the basis a. Therefore,
P~lv = ¢o(v) for all v € F,. Then, the j-th column of P71 is

P~le; = ¢o(e) = j-th column of M

for all j.



Matrix representing coordinate mapping

Go: F"— F" and  ¢o(v) = My
J-th column of M is ¢ (ej) for j=1,...,n.

Claim: Let P be the matrix whose columns are vq,...,v,, in
order. Then M = P~1. (Why does P have an inverse?)

Proof. For each j =1,...,n, we have
Pe=v; = P lPg=P 'y, = =Py

Thus, P71(v;) = ¢ = ¢a(v;) for all v in the basis a. Therefore,
P~lv = ¢o(v) for all v € F,. Then, the j-th column of P71 is

P~le; = ¢o(e) = j-th column of M

for all j. So M = P~ 1.



Change of basis

A € Mpxn(F)



Change of basis

A€ Mpxn(F) ~ La: F"— F™



Change of basis

A€ Mpxn(F) ~ La: F"— FT7

bases: @ = (vi,...,v,), B={(wi,...,Wn)
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A€ Mpxn(F) ~ La: F"— FT7

bases: @ = (v1,...,v,), [B={(w,...
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da » lw

pr Ly

s Wm)



Change of basis

A€ Mpxn(F) ~ La: F"— FT7

bases: @ = (vi,...,v,), B={(wi,...,Wn)
La A
Frl FITI Fn Fm
bl T e
]ﬁ
o Lo, Fr B Fm.

= [Lal}



Change of basis

AEMan(F) ~s  Lps F7— FM

bases: a = (vi,..., V),

Fr oy pm

oh oy b

pr Lo,

=[Lall = Q"

ﬂ:<W1,..

'an>

Fn A, Fm

ST

Fn B, Fm

'BP



Change of basis

A€ Mpxn(F) ~ La: F"— FT7

bases: @ = (vi,...,v,), B={(wi,...,Wn)

=g La Fm Fn A Fm

gl T e

Fn Al La EFn Fm.
= [Lalo=Q'BP

The mapping Lg is what L4 becomes after changing bases to « for
the domain and 3 for the codomain.
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Change of basis

Proposition.
Let A € Mpxn(F), and consider the linear mapping La: F" — F™
determined by A, i.e., L(v) = Av for each v € F".

Let « = (vi,...,v,) and B = (ws,..., wy) be ordered bases
for F" and F™, respectively.

Let P be the n x n matrix with j-th column v; for j =1,...,n, and
let @ be the m x m matrix with j-th column w; for j =1,..., m.

Then the matrix B representing L with respect to the bases «
and B is B= Q 1AP:

Fr A Fm

S

Fr B Fm.
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Example

f: Q- Q?
(x,y,2) — (x + 3y + 22,2y + z),
Bases:
Q*: a={(1,0,0),(1,1,0),(1,1,1))
Q*: B={(0,1),(1,1)).



Example

Bases:

o

0

1
22) e
0

f: Q= Q?
(x,y,2) = (x+ 3y + 22,2y + 2),

Q: «
Q*: B

((1,0,0),(1,1,0),(1,1,1))
((0,1),(1,1)).

o R
—

) -

0
1

1
1

) |



Example

Bases:

Q*: a=1(1,0,0),(1,1,0),(1,1,1))
@2 . B = <(O7 1)7 (17 1)>
111
f) P(Oll) and Q:(
001
B_oiap_ [ 11 1 3 2 (1)
=Q - 10 021 0

f: Q- Q?
(x,y,2) = (x + 3y + 22,2y + 2),
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Change of basis for self-mapping

La: F" — F"

basis for both domain and codomain: o = (v, ...

) Vi)



Conjugation

Definition Let A, B € M,x»(F). Then A is similar to B,
denoted A ~ B if there exists an invertible matrix P € M,x,(F)
such that B = P~1AP.



Conjugation

Definition Let A, B € M,x»(F). Then A is similar to B,
denoted A ~ B if there exists an invertible matrix P € M,x,(F)

such that B = P~ 1AP.

Proposition. Similarity is an equivalence relation on My, n(F).



Example

011
A=|1 0 1 a={((1,1,1),(1,0,-1),(0,1, 1))
110



a={((1,1,1),(1,0,-1),(0,1, 1))

M —HM M

M =M ™

_
_
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T
Q



a={((1,1,1),(1,0,-1),(0,1, 1))

—
S~———

I
Q.

M —HM M

M =M ™

_
_
/I\

I
T
Q



Example

2 1 1 2 3 3
A=121], A=|32 3],

11 2 3 32

6 5 5 10 11 11
A= 56 5|, A=[11 10 11

55 6 11 11 10

22 21 21 42 43 43
A =121 22 21 |, A"=| 43 42 43

21 21 22 43 43 42



Example

Ak = pBkpt
1 1 0 2 0 o\'/, /1 1 1
=1 0 1 0 -1 0 3 2 -1 -1
1 -1 -1 0 0 -1 -1 2 -1
(1 10 2k 0 0 1 1
=3t 0 1 0 (-1)k 0 2 -1
1 -1 -1 0 0 (-1)k -1 2




