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There is a one-to-one correspondence between
matrices A € Mpyxn(F) and linear functions L: F" — F™.
(=) Given A € Mpun(F), we get
La: F" — F™
X — Ax.

(<) Given L: F" — F™, we get Ay € My, having j-th column
equal to L(ej).

Example.
L: F?— F?

(x,y,z) — (2x+ 3y + z,4x + Ty + 52)

x (231 ) 2x+3y+z
)Z’ 4 7 5 52’ “\ 4x+7y+52
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f:v—-w

V with ordered basis B = (vi, ..., vp)
W with ordered basis D = (wy, ..., w,)

v o w

¢Bl2 {(ﬁp
L

Fr L Fm

Li=¢pofopg’ ~ matrix [f]5

[f15IV]s = [f(v)lp-
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vi— 7 f(vy)
! v — s w

: d’BJ{Z 2| ép take coords. wrt. D
A

j-th col. of [f]E

The j-th column of [f]E gives the coordinates of f(e;) with respect
to D.

Question. What happens in the special case where V = F",
W = F™ and both B and D are the standard bases?
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Proposition. Let V and W be finite-dimensional vector spaces
with ordered bases B and D, respectively. Let f: V — W be a
linear transformation. Then

rank(f) = rank([f]5).

Proof. First consider the case f: F" — F™, and we choose the
standard bases for domain and codomain. Then f(x) = Ax for
some matrix A € Mpyxn.



Ranks

a1 ayp ... ain X1 aiixi + aipxe + -+ 4 aipXxn

a1 ax ... axp X2 ag1X1 + axnx2 + -+ + apXp
Ax = . . =

dmi dm2 --- dmn Xn am1X1 + ameX2 + -+ + amnXn

= (a11x1 + a12x2 - - - + a1nXn,

a1x1 + axnxo -+ @nXn, - -, Am1X1 + Am2X2 -+ + AmnXn)-



Ranks

all a2

ani a2
Ax =

dml  am2

= (a11x1 + apxo - - -

ar1xy + axnxp - -

ail

asy
= Xl

amil

<o+ a1nXn
<o+ a2nXp

coo+ amnXn

ain X1 ai1x1 + axe +
an X2 a1X1 + axnxe +
amn Xn amiX1 + amax2 +
+ ainXn,
+ anXp, -, am1X1 + am2X2 -+ + amnXn)-
a2 din
azo azn
+ X2 . + -+ Xp
am?2 amn
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Ranks

Proposition. Let V and W be finite-dimensional vector spaces
with ordered bases B and D, respectively. Let f: V — W be a
linear transformation. Then

rank(f) = rank([f]5).

Corollary. With notation as above, let A = [f]E € Mpxn(F).
(a) f is surjective if and only if rank(A) = m = dim(W).
(b) f is injective if and only if rank(A) = n = dim(V).

(c) f is an isomorphism if and only if rank(A) = m = n.



Composition of linear functions

f: R* — R?
(x,y,z,w) = (2x — z+ 3w, x — y + 42)

and

g: R? — R3
(s,t) — (bs — t,2t,—3s).

Compute go f.
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of-vEHws

g

V: B=(vi,...,vn)
W: C=(wi,...,w)
U: D=(u1,...,um)

P .= [g]? and Q= [f]%



Composition of linear functions

of:Vi>W£>U.

(V..o Vn)

(U1, ..., um)

g

V: B=

W: C=(wi,...,w)
U: D=

P .= [g]? and Q= [f]%

v fow ..U
¢BJ} ZJ{be ZJ:ZSD
Q Ft P Fm

F!‘l



Matrix multiplication

Definition. Let P € M,,.¢(F) and Q € My ,(F), then the
product PQ € Mp,«n(F) is defined by

¢
(PQ)ij = Z Pik Q-

k=1
Example.
5 -1 > 0 -1 3 9 1 -9 15
0o 2 1 1 a0 ]~ 2 =2 8 0
-3 0 -6 0 3 -9



