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Review
There is a one-to-one correspondence between
matrices A ∈ Mm×n(F ) and linear functions L : F n → F m.

(⇒) Given A ∈ Mm×n(F ), we get

LA : F n → F m

x 7→ Ax .

(⇐) Given L : F n → F m, we get AL ∈ Mm×n having j-th column
equal to L(ej).
Example.

L : F 3 → F 2

(x , y , z) 7→ (2x + 3y + z , 4x + 7y + 5z) x
y
z

 7→ (
2 3 1
4 7 5

) x
y
z

 =
(

2x + 3y + z
4x + 7y + 5z

)
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Review

f : V →W

V with ordered basis B = 〈v1, . . . , vn〉
W with ordered basis D = 〈w1, . . . ,wn〉

V W

F n F m

φB ∼

f

φD∼

L

L := φD ◦ f ◦ φ−1
B  matrix [f ]DB

[f ]DB [v ]B = [f (v)]D.
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Review

V W

F n F m.

φB ∼

f

φD∼

[f ]DB

vj f (vj)

ej j-th col. of [f ]DB

take coords. wrt. D

The j-th column of [f ]DB gives the coordinates of f (ej) with respect
to D.

Question. What happens in the special case where V = F n,
W = F m and both B and D are the standard bases?
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Ranks

Proposition. Let V and W be finite-dimensional vector spaces
with ordered bases B and D, respectively. Let f : V →W be a
linear transformation. Then

rank(f ) = rank([f ]DB ).

Proof. First consider the case f : F n → F m, and we choose the
standard bases for domain and codomain. Then f (x) = Ax for
some matrix A ∈ Mm×n.
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Ranks

Ax =


a11 a12 . . . a1n
a21 a22 . . . a2n

...
... . . . ...

am1 am2 . . . amn




x1
x2
...

xn

 :=


a11x1 + a12x2 + · · ·+ a1nxn
a21x1 + a22x2 + · · ·+ a2nxn

...
am1x1 + am2x2 + · · ·+ amnxn


= (a11x1 + a12x2 · · ·+ a1nxn,

a21x1 + a22x2 · · ·+ a2nxn, . . . , am1x1 + am2x2 · · ·+ amnxn).

= x1


a11
a21

...
am1

+ x2


a12
a22

...
am2

+ · · ·+ xn


a1n
a2n

...
amn

 .
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Ranks
Proposition. Let V and W be finite-dimensional vector spaces
with ordered bases B and D, respectively. Let f : V →W be a
linear transformation. Then

rank(f ) = rank([f ]DB ).

Proof. General case:

V W

F n F m

φB ∼

f

φD∼

LA

where A = [f ]DB . Then

rank(A) = rank(LA) := dim(im(LA)) = dim(im(LA ◦ φB))

= dim(im(φD ◦ f )) = dim(im(f )) =: rank(f ). �
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Ranks

Proposition. Let V and W be finite-dimensional vector spaces
with ordered bases B and D, respectively. Let f : V →W be a
linear transformation. Then

rank(f ) = rank([f ]DB ).

Corollary. With notation as above, let A = [f ]DB ∈ Mm×n(F ).
(a) f is surjective if and only if rank(A) = m = dim(W ).
(b) f is injective if and only if rank(A) = n = dim(V ).
(c) f is an isomorphism if and only if rank(A) = m = n.
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Composition of linear functions

f : R4 → R2

(x , y , z ,w) 7→ (2x − z + 3w , x − y + 4z)

and

g : R2 → R3

(s, t) 7→ (5s − t, 2t,−3s).

Compute g ◦ f .



Composition of linear functions

g ◦ f : V f−→W g−→ U.

V : B = 〈v1, . . . , vn〉
W : C = 〈w1, . . . ,w`〉
U : D = 〈u1, . . . , um〉

P := [g ]DC and Q = [f ]CB.

V W U

F n F ` F m

φB ∼

f

φC∼

g

φD∼

Q P
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Matrix multiplication

Definition. Let P ∈ Mm×`(F ) and Q ∈ M`×n(F ), then the
product PQ ∈ Mm×n(F ) is defined by

(PQ)ij =
∑̀
k=1

PikQkj .

Example. 5 −1
0 2
−3 0

( 2 0 −1 3
1 −1 4 0

)
=

 9 1 −9 15
2 −2 8 0
−6 0 3 −9

 .


