o

© Math 201

Section F03

September 24, 2021



Row and column rank

Definition. Let A be an m x n matrix over F.



Row and column rank

Definition. Let A be an m x n matrix over F.

» row space: subspace of F" spanned by the rows.



Row and column rank

Definition. Let A be an m x n matrix over F.

» row space: subspace of F" spanned by the rows.

» row rank: dimension of row space.



Row and column rank

Definition. Let A be an m x n matrix over F.

» row space: subspace of F" spanned by the rows.
» row rank: dimension of row space.
» column space: subspace of F™ spanned by the columns.

» column rank: dimension of column space.



Row and column rank

Definition. Let A be an m x n matrix over F.

» row space: subspace of F" spanned by the rows.
» row rank: dimension of row space.
» column space: subspace of F™ spanned by the columns.

» column rank: dimension of column space.

Example.
1020507
0120071
00016 38
000 O0O0OTOOTP O



Example

)

1020507
0120071

00016 38
000 0O0O0OTG O

rowrank (



Example

1 02 05 07

01 20071
rowrank 00016 3 8 =3

0 000 OO0OTP O

a(1,0,2,0,5,0,7) + b(0,1,2,0,0,7,1) 4+ ¢(0,0,0,1,6,3,8)



Example

1 02 05 07

01 20071
rowrank 00016 3 8 =3

0 000 OO0OTP O

a(1,0,2,0,5,0,7) + b(0,1,2,0,0,7,1) + ¢(0,0,0,1,6,3,8)
= (a,b,2a+2b,c,5a+ 6¢,7b+ 3¢, 7a+ b+ 8¢)



Example

1 02 05 07

01 20071
rowrank 00016 3 8 =3

0 000 OO0OTP O

a(1,0,2,0,5,0,7) + b(0,1,2,0,0,7,1) + ¢(0,0,0,1,6,3,8)
= (a,b,2a+2b,c,5a+ 6¢,7b+ 3¢, 7a+ b+ 8¢)
= (0,0,0,0,0,0,0)



Example

1 02 05 07

01 20071
rowrank 00016 3 8 =3
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a(1,0,2,0,5,0,7) + b(0,1,2,0,0,7,1) + ¢(0,0,0,1,6,3,8)
= (a,b,2a+2b,c,5a+ 6¢,7b+ 3¢, 7a+ b+ 8¢)
= (0,0,0,0,0,0,0)

—a=b=c=0.
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Effect of row operations on row rank

{r,...ori,coon, o rmb—{r, ... r, iy )
{r, .. tiyceostmb<—A{r,...,—ri,...,rm}

{rn,....ri,..or, oo rmy—{n,....ri,..., 5+ A, I}

Conclusion: Row operations do not affect row rank.
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Basis for the rowspace of A € Mp,xn(F):
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Rowspace basis algorithm

Basis for the rowspace of A € Mp,xn(F):

— Compute the reduced row echelon form E of A.
— The nonzero rows of E are a basis for rowspace(A).
— rowrank(A) = number of nonzero rows in E.

— rowrank(A) = number of pivots in E.
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Columns space and column rank

Let E be the reduced row echelon form for A.



Columns space and column rank

Let E be the reduced row echelon form for A.

columns of E: Fy,...,E,

columns of A: A1,... A,



Columns space and column rank

Let E be the reduced row echelon form for A.

columns of E: Fy,...,E,

columns of A: A1,... A,

Next goals:



Columns space and column rank

Let E be the reduced row echelon form for A.

columns of E: Fy,...,E,

columns of A: A1,... A,

Next goals:

- If Ej,,..., Ej, are the pivot columns E, then A;,... , Aj are a

basis for colspace(A).



Columns space and column rank

Let E be the reduced row echelon form for A.

columns of E: Fy,...,E,

columns of A: A1,... A,

Next goals:

- If Ej,,..., Ej, are the pivot columns E, then A;,... , Aj are a

basis for colspace(A).

— rowrank(A) = colrank(A) = number of pivot columns of E.
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Computing a basis for the column space

To prove: If Ej, ..., Ej are the pivot columns E, then A;, ...

are a basis for colspace(A).

2
120 4 1o 5 —4
A=[33 10 |—E=[01 -3 4
T8 24 00 0 0
1 2
basis for colspace(A) = 31,1 3
7 8

Note: the first two columns of E do not span rowspace(A).
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Main technical result

A € Mpxn(F) with reduce row echelon form E

columns of E: Eq,..., E,
columns of A: Ay,..., A,
Proposition. For xy,...,x, € F,

XA+ +xA =0 & xE+---+x,E,=0.
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Main technical result

xxA1+- +xA=0 & xE+---+x,En=0.
Proof. Write out x1A1 + - - - + x,A, = 0 longhand:

ail ain
azi azn

X1 + -+ Xy =0
aml dmn

Equivalently,

aix1+ -+ ax, =0

amixi + -+ amnxn = 0.
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Main technical result

To show:
xtAr+-+xA, =0 & xE1+---+x,E, = 0.

Proof continued:

Row operations do not affect the solutions (xi, ..., x,) to

aixy+ -+ ax, =0

amiX1 + -+ amnxp = 0.
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First note that the pivot columns of E form a basis for
colspace(E).

Example.
1020507
0120071
0 0016 3 8
0 00 0O0OTP O



Main result

Corollary. If Ej , ..., Ej are the pivot columns E, then A;,... Aj
are a basis for colspace(A).



Main result

Corollary. If Ej,, ..., Ej, are the pivot columns E, then A;,... A
are a basis for colspace(A).

Proof sketch.
Step 1. Aj, ..., Aj, are linearly independent:



Main result

Corollary. If Ej,, ..., Ej, are the pivot columns E, then A;,... A
are a basis for colspace(A).

Proof sketch.
Step 1. Aj, ..., Aj, are linearly independent:

X1 Aj + - XA =0



Main result

Corollary. If Ej,, ..., Ej, are the pivot columns E, then A;,... A
are a basis for colspace(A).

Proof sketch.
Step 1. Aj, ..., Aj, are linearly independent:

X1 Aj + - XA =0

= xiEy 4+ xE, =0 (Prop.)



Main result

Corollary. If Ej,, ..., Ej, are the pivot columns E, then A;,... A
are a basis for colspace(A).

Proof sketch.
Step 1. Aj, ..., Aj, are linearly independent:

X1 Aj + - XA =0

4

xiEj, +---+xE, =0 (Prop.)

= xx=---=x=0.
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Main result

Corollary. If Ej,, ..., Ej, are the pivot columns E, then A;,... A
are a basis for colspace(A).

Proof sketch.
Step 2. Aj, ..., Aj, spans colspace(A):
Let A; be any column of A not listed above.

Since Ej,, ..., Ej is a basis for colspace(E), there are ¢; € F such
that
akp +---+caE, = E

or
ClEjl—i-"'—l—CkEjk—EgZO.

By the Proposition,
ClAj1 + -+ CkAjk —A;=0.

So
ClA_,'1 —+ -+ CkAjk = Ag.
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Summary

Let E be the reduced row echelon form of A.
— the nonzero rows of E form a basis for rowspace(A)

- If Ej;,..., Ej, are the pivot columns E, then A;,... A; area
basis for colspace(A).

— rowrank(A) = # pivot columns of E = colrank(A)
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Summary

Let E be the reduced row echelon form of A.
— the nonzero rows of E form a basis for rowspace(A)

- If Ej;,..., Ej, are the pivot columns E, then A;,... A; area
basis for colspace(A).

— rowrank(A) = # pivot columns of E = colrank(A)
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Uniqueness of solutions

Consider the system

X1+ 2xp + x4 =3
3x1+3x+ x3 =1
Tx1+8x0+2x3+4x4 =5

120 4|3 10
A=|3310l1 | —2E=|01 =
78 2 45 0 0
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am1Xm + -+ + amnXn = by
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Uniqueness of solutions

ayxiy + -+ apxn = by

am1Xm + -+ + amnXn = by

has a unique solution if and only if it is consistent and
rank(A) = n where

a1 - din

dml *°*  dmn

If the system is homogeneous, there is a unique solution if and only
if rank(A) = n.



